gives the following expression for the azimuthally-averaged, normalized cross-spectrum:
with angular frequency , inter-station distance and phase velocity . We have added the amplitude factor to allow for the possibility that an observed cross-spectrum may not be correctly normalized. Ekstrom et al. (2009) demonstrate that this formula can be used to determined the phase velocity at the frequencies, say , at which the cross-spectrum is zero:
Here is the -th zero of the Bessel function; that is, . Owing to the finite bandwidth of observations, the cross-spectrum is typically measured only for a finite frequency band, and so only a subset of zero-crossings can be estimated. The integer is introduced to correlate the lowest observed zero of the cross-spectrum with the corresponding zero of the Bessel function. While the value of is not immediately known, Ekstrom et al. (2009) develop a trial-and-error procedure for determining it, based on prior bounds on the phase velocity; that is, an incorrect value for leads to an implausible estimate of . Once the phase velocity is known at a sequence of discrete frequencies, its value at other frequencies can be estimated by interpolation.
Aki's formula predicts the complete functional form of the cross-spectrum, not just the location of the zero crossings. We may ask then whether additional information about the phase velocity can be determined via "waveform fitting"; that is, determining the phase velocity and amplitude that minimizes the error, between the observed cross-spectrum and the one predicted by Aki's method, . Here, is the frequency-band of the observations. Optional constraints can be imposed on the minimization, such as (the zero crossing estimates are approximately satisfied), or (the phase velocity smoothly varies with frequency), or both. In addition to providing more information about the phase velocity, itself, such a minimization would also be able to provide formal estimates of the variance of the results, provided that an estimate of the variance of the crossspectrum is available.
We solve the minimization problem by first approximating the cross-spectrum and phase velocity as frequency series and , respectively, say with values and with frequency spacing . We then linearize the problem around an initial estimate of the unknowns . The data kernel of the least squares formulation contains the derivatives:
Optionally, we can add a constraint equation of the form . In the example, below, we impose smoothness on the phase velocities by seting to the discrete form of the second derivative operator:
The iterative Generalize Least Squares solution is then obtained by iterating the formulas with until convergence is reached. Here is the variance of the elements of ; that is, the degree of certainly in the constraint. A small leads to a smooth solution and a large to a rough one. The covariance of the solution can be approximated as and the resolution matrix as . . The bimodal shape of the central kernels is related to the presence of an extremum of the crossspectrum at that frequency. The cross-spectrum contributes no information about the phase velocity when at frequencies where its slope is zero, at least in a linearized inversion, since small perturbations in phase velocity do not change its shape. 
